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Abstract 

Let (M, g) be a smooth compact Riemannian manifold without bound- 
ary of dimension n > 6. We prove that 



M 



£2* (M 



,g)<K^ / {l^guf + 4'IT')R3U'^} dVg + A\\u\\l2,^/^^ + 2)^J^Igy 

J M 

for all u e H^{M), where 2* = 2n/(n - 2), c(n) = (n - 2)/[4(n - 1)], 
Rg is the scalar curvature, = inf || Vu||^2(n7i) ||u||~2^y(^_2) ^^^^^^ and 

yl > is a constant depending on {M,g) only. The inequality is sharp 
in the sense that on any (M,g), K can not be replaced by any smaller 
number and Rg can not be replaced by any continuous function which is 
smaller than Rg at some point. If {M,g) is not locally conformally flat, 
the exponent 2n/{n + 2) can not be replaced by any smaller number. If 
{M,g) is locally conformally flat, a stronger inequality, with 2n/(n 2) 
replaced by 1, holds in all dimensions n > 3. 
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Introduction 



Considerable work has been devoted to the analysis of sharp Sobolev-type in- 
equalities, very often in connection with concrete problems from geometry and 
physics. See, e.g., Trudinger [41], Moser [31], Aubin [3, 4], Talenti [40], Brezis 
and Nirenberg [10], Lieb [30], Carleson and Chang [14], Struwe [39], Escobar [21], 

and Beckner [8]. 

In order to fix notation, we recall a classical result. For n > 3 and 2* = 
2n/{n — 2), it was shown by Aubin [3] and Talenti [40] that 

(1) j^-^ = inf| "^;"^^("") : «ei^*(R")\{0}, |Vu|eL^(M")|, 

where = A/[n{n — 2)(Jr/"] and where (T„ is the volume of the standard n- 
sphere. They also showed that the infimum is attained and, modulo non-zero 
constant multiples, the set of minimizers is given by 

{Uy^x ; 2/GR",A>0} 

where 

= A("-2)/2[/(A(a; - y)) 

and = [n{n — 2)]^^if~^. The function U is characterized as the unique 
solution of the equation 

(2) -MJ = K-'^U'^'-^ inR" 
satisfying 

U e £>i'2(M"), < i7 < 1, 
U{0) = 1, / U"^' dx = 1. 

A conjecture was made by Aubin [3]: On any smooth compact Riemannian 
manifold (M, g) of dimension n > 3, there exists a constant ^ > depending 
only on (M, g), such that 

(3) lklli=*(M,s) < K^W^ A\l^(M,g) + ^ll"lli^(M,,), V e H\M). 

The conjecture was proved in [3] for manifolds of constant sectional curvature. 
He also proved a weaker version of (3), where for any e > 0, /sT is replaced by 
K + £ and where A is allowed to depend on e. 

Various related questions in bounded domains of M" have been exten- 
sively studied. In particular, the following result was proved by Brezis and 
Nirenberg [10]: For n = 3, there exists a constant A* > such that 

l|Vw||i.(0) >^-'ll«llie(o)+A*||«||i.(o), yu&Hl{n), 
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where A* depends on Q: when 17 is a ball, A* can be taken as ■i7r^(3|f7|/ (47r)) 
which is sharp. They also showed that for n > 4 and for all q < n/(n — 2), 

W^^WUn) > K-^M^'in) + AJ|w|li,(n), V e H^,{n), 

where Ag > depends on fi and q. On the other hand they pointed out that, 
on any il, such an ineciuality can not hold with q = nj (n — 2). Further results 
were obtained by Brczis and Lieb [9], and closely related ones by Adimurthi 
and Yadava [1]. Results of similar nature, concerning the Hardy-Littlewood 
inequality for functions with support in a ball of M", were obtained and used by 
Daubcchies and Lieb [15]. We refer to Brczis and Marcus [11], Brczis, Marcus 
and Shafrir [12], and Shafrir [35] for more recent related works on the sharp 
Hardy-Littlewood inequality. 

The conjecture (3) was proved by Hebcy and Vaugon [26]. Results of similar 
nature for manifolds with boundary were established by Li and Zhu [28, 29] , with 
improvements given by Zhu [42, 43]. A W^'^ version of (3) with p ^ 2, also 
conjectured by Aubin [3], was proved through the work of Aubin and Li [6], and 
Druet [17, 18]. It should be mentioned that in two dimensions, the corresponding 
inequality discovered by Trudinger [41] has also been widely investigated and 
applied in its sharp form, due to Moser [31]. A sharp Moser- Trudinger inequality 
on Riemannian 2-manifolds was established by Fontana [22] , and used by Gillet 
and Soule [24]. Alternative proofs of Fontana's result and connections to the 
analysis of vortices in the Chern-Simon-Higgs gauge theory were given by Ding, 
Jost, Li and Wang [16] and by Nolasco and Tarantello [32, 33]. 

Statement of the main results Our main result in this paper is the follow- 
ing sharp Sobolev inequality on Riemannian manifolds of dimension n > 6: 

Theorem 0.1 (Main Result). Let {M,g) be a smooth compact Riemannian 
manifold without boundary of dimension n > 6. There exists a constant A> 0, 
depending on (M, g) only, such that for all u G (M) there holds: 

(4) Ml^' (M,g)<K^ I {\^au\^ + <ri)Rgu''}dvg + A\\u\\l,f^M,g), 

J M 

where 2* and K are defined above, c{n) = (n-2)/[4(n-l)], f = 2n/(n+2) = 2*' , 
Rg is the scalar curvature of g. 

We point out that our proof of Theorem 0.1 does not make any use of 
inequality (3), which on the other hand is an easy consequence. 

Remark 0.1 (Sharpness). Theorem 0.1 is sharp, in the sense that one can 
neither replace K by any smaller number, nor replace Rg by any Rg + f with 
f & negative somewhere. Moreover, if {M, g) is not locally conformally flat, 
one cannot replace f by any smaller number. 

The case of locally conformally flat manifolds is completely described by our 
next result: 

Theorem 0.2. Let (M, g) be a smooth compact locally conformally flat Rieman- 
nian manifold without boundary of dimension n > 3. There exists a constant 
A> 0, depending on (M, g) only, such that for all u G (M) there holds: 

(5) ll«lli=*(M,9) / {\^9uf + c{n)RgU^}dvg + A\\u\\l,^M,gy 

J M 
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In view of the work of Schoen [36] , we expect a positive answer to 



Question 0.1. For locally conformally fl,at manifolds and for manifolds of di- 
mension 3 < n < 5, are there some Sobolev type inequalities involving global 
geometric quantities? 

For manifolds with positive total scalar curvature Jj^ Rg dvg, a natural global 
geometric quantity is the "mass" , which corresponds to the leading term of the 
regular part of the Green's function for the conformal Laplacian, see [36, 27] . 

The sharpness of Theorem 0.1 as stated in Remark 0.1 can be deduced from 
the following expansions due to Aubin [4] (see also [5, 27]). Let P G M, A > 
and let hhe a. Riemannian metric on M; denote by the "/i-bubble" defined 
for X G M by 



A 



l + (AA)2dist^(x,P) 



Let 77 be a smooth cutofi^ function supported near P, and set = V^px- 
Then, as A ^ oo, 



(6) n(^^,A) = 



K-^ -ya\Wh{P)\^X-^ + o{X-^), ifn>7 
K-^ - ln\Wh{P)\^X-^ log A + o(A-4 log A), if n = 6, 



where 7„ > is a dimensional constant, Wh{P) is the Weyl tensor of ft at P 
and Yh denotes the Yamabe functional: 

(/mI'.!"'*'/.) ' 

To see the sharpness of Theorem 0.1, we note that if K is replaced by any 
smaller number, then (4) is violated hy u = ^p^^ for large A (fixing any P € M); 
if Rg is replaced by -Rg + / with /(P) < for some P G M, then (4) is violated 
by w = ^ for large A; if f is replaced by some 1 < ,s < f , then we have 

Up,x\\l'(m) = °{Up,x\\l^{m)), and thus inequality (4) and (6)-(7) imply that 
|Wg'(P)| = for all P gM, i.e., {M,g) is locally conformally flat. 
In view of (6) and our results we expect a positive answer to 

Question 0.2. Are there some refined versions of (4) involving the Weyl ten- 
sor? 



Outline of the proofs We first sketch the proof of Theorem 0.2, which is 
simple, and relies on a "local to global" argument, given in the Appendix. By 
a local to global argument, we mean that we first establish the inequality for 
all functions u G H^{M) supported in a ball of fixed diameter e > 0, and then 
we extend the inequality to arbitrary u G H^{M). Another ingredient is the 
following well-known transformation property of the conformal Laplacian, see, 
e.g., [37]: 

(8) -A^u + c(n)%u = ip^-'^' {-/^h{u^) + c{n)Rh{u^)}, 

for all u G H^{M), where h = ^"^Z^^-^)/!, ^ G C~(M), <^ > 0. 
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Proof of Theorem 0.2. Since {M,g) is locally conformally flat, for some e > 
independent of P e M, we have {Be{P),g) = {B,(p*/^''-^^£), for some ^ > 
(under control), with £ the Euclidean metric. Since 

( / \uf dxf'^' <K^ j |Vu|2 dx, Mu e Hl{B), 
Jb Jb 

we have by (8), 

( / \uf dvgf/^' <K^ [ {\Vguf + c{n)RgU^} dvg, Vw e H^iB,{P)). 

Now Theorem 0.2 follows from the above and from Lemma 6.1 in the Appendix. 

□ 

The "local to global" approach has been systematically used by Aubin [3] , Hcbey 
and Vaugon [26], Aubin and Li [6], Druet, Hebey and Vaugon [19], and others. 
In [28, 29], Li and Zhu introduced a global approach by attacking the problem 
directly on the whole manifold. Such an approach should be useful in obtaining 
a positive answer to Question 0.1, since the inequality would involve global 
quantities and therefore could not be obtained by a local to global approach. 

Wc shall now provide a brief sketch of the proof of Theorem 0.1, which will 
occupy the main part of this paper. For simplicity of exposition, we shall restrict 
ourselves in the present sketch to the case n > 7. We argue by contradiction, 
and we take a global approach. Namely, for all a > we define: 



fwil^s^l^ + c{n)RgU^}dVg + 

ML^'{M,g) 



Negating (4) , we assume that 

(9) inf /„ < K-^, \/a > 0. 

HHM)\{0} 

It is straightforward to check that inequality (4) holds for the family {t^px} 

defined above, uniformly in t > 0, P G M, A > 0. The underlying idea of the 
proof is that if (9) holds for all a > 0, then for all a > there exist minimizers 
Ua of la, which approach {^Cpa} ^ ^ ~* +oo, and the convergence rate is 
sufficiently rapid to ensure that for some suitable A > 0, Uq, also satisfies (4), 
uniformly in a. But then a < C, a contradiction. 

In Section 1, for the reader's convenience, we establish some preliminary 
results by suitably adapting to our needs some well-known techniques from 
[41, 4, 10, 26, 6]. Wc show that (9) implies the existence of a minimizer Ua € 
H^{M) for la satisfying Ua & H^{M), Ua > 0, dvg = 1 and such that 

(„-2)/2 _ jnaxu-i =: Ua(xa)-^ -> 0. 

M 

We fix some small > which depends only on {M,g). We show: 

Mi"-'^/'«a(cxpL(Ma ■))^U in C^R"). 
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The Ci^^(M")-convergence and a change of variables imply the lower bound: 

(10) ||Wa||l,f-(M,g) > (^"Va- 
in Section 2 we prove the uniform estimate: 

u„{x) < Cii'^^'-^'>/'^distg{x, x^ f-" Vx e M. 

This estimate ensures a suitable decay of away from x^; it is a key step. We 
note that pointwise estimates for minimizers to critical exponent equations have 
been established and used by Brezis and Peletier [13], Atkinson and Pclcticr [2], 
Rey [34], Han [25], Hebey and Vaugon [26], Li and Zhu [28, 29], Aubin and 
Li [6], and others. We derive our pointwise estimate along the line of [28, 29], 
by working directly on Ua, new ingredients are needed in deriving our estimate. 

In Section 3, in order to simplify calculations, we introduce a conformal 
metric g = with V e C°°(M), iP{xa) = 1, ^ < ^ < 2, \\ij\\c2 < C, 

such that i?g = in Bso{xa)- Our pointwise estimates in Section 2 allow 
us to adapt ideas of Bahri and Coron [7] to make an energy estimate of the 
difference: Ua/'4' — ^a^f^ a„ ^ small ball Bi^{xa), where 5a G [i5o/2,<5o]) 
ta > 0, /i~^]x„ — Xaj — > 0, Aa > are "optimal" in a suitable sense. The 
main result of Section 3 is the estimate for the projection Ua/^) — ta^l \ on 
Hl{Bs^{xa))-i denoted Wa, as in Proposition 3.1. 

In Section 4 we show that by choosing a "good radius" 6a & [60/ 2, So], the 
"boundary part" of Ua/i> — ta^^^ -^^ may be controlled in H^{dBa), see Lemma 
4.1. For n > 7, the estimate resulting from OTir pointwise estimates, Proposition 
3.1, Lemma 4.1 and taking into account (24) is given by: 

(11) ||Vs(^-Ui,AjlU=(S.„(x„))<C'(M^ + (l + M-^+^)a||t.a||i.(M,,)), 

where /3 = (n — 6)(n — 2)/[2(n + 2)] > is strictly positive, since n > 7. By 
carefully exploiting orthogonality, we prove the following lower bound: 

(12) Y,{ua) > >g(C,Aj +0(/x^llVg(^ -i„4,Jll^.(B,„(.„)) +Mr^), 

see Proposition 4.1. 

At this point we have all the necessary ingredients to conclude the proof in 
the case n > 7. We note that the contradiction assumption (9) implies: 

> Ia{Ua) = Yg{Ua) + aWUaWir^M^g)- 

By the above inequality and (12), we obtain 

(13) a||«a||^(M,,)<^"'->§(C,Aj 

By (6) (or an easy calculation since we do not need the explicit coefBcient of 

(14) \K-^-yM^,xj\<cni. 
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Inserting (11) and (14) into (13), and recalling that /3 > 0, we derive 

(l + o(l))a||Ua||i*-(M,g) < C'Ma 



*a * 



In view of (10), the desired contradiction a < C follows, and Theorem 0.1 is 
established. 

Finally, Section 5 is devoted to the proof of Theorem 0.1 in the remaining 
case n = 6. This is more delicate than the case n > 7. Nevertheless, we can still 
obtain the inequality (4) with the aid of a uniform lower bound, reminiscent of 
an argument in [28]. 

Notation Henceforth, C > always denotes a general constant independent 
of a, and subsequences of a ^ +oo are taken without further notice. Denoting 
by (Q, h) a Riemannian manifold (possibly with boundary), we set 



= I Vh^- V dvh = / /i'' |4 ll" V(p, V e (fJ) 

We note that the metrics g and g defined above are both equivalent to the 

Euclidean metric £. When the specific metric is clear from the context, or 
irrelevant up to equivalence to g, we do not indicate it explicitly. Furthermore, 
for g > 1 we denote: 



\Jb^_i(o) / n + 1 

where U is the standard minimizer on M" defined above. 

For ease of future reference, we prove our estimates for n > 3. Moreover, we 
obtain our estimates for a general exponent r G (1,2), which could even depend 
on a (this will also be convenient for the local to global argument sketched in 
the Appendix). The actual value r = f = 2n/{n + 2) and the condition n > 6 
arc used only in the final part of the proof of Theorem 0.1, in Section 4 and in 
Section 5. 

Theorem 0.1 in the case n > 7 has been presented at the 966th AMS Meeting 
at Hoboken, NJ, April 28-29, 2001. 



1 Preliminaries 

The preliminary results in this section are obtained by adapting standard meth- 
ods to our situation, see, e.g., [41, 4, 10, 26, 6]. For the reader's convenience, 
we sketch their proofs. Throughout this section, we assume n > 3. 

For every a > and for r € (1, 2) (possibly depending on a) we consider the 
functional: 

ll-lli^-(M) 
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defined for all u e H'^{M) \ {0}. If (4) is false, then for all a > we have 



(15) inf /„ < K 

HHM)\{0} 



-2 



Proposition 1.1 (Existence of a minimizer) . For all a > there exists a 
non-negative minimizer Ua € (M) such that 

laiUa) = £a = inf la < 
Hi(M)\{0} 



/ 



ul' dvg = 1. 



IM 

Moreover, Ua € C^'''~^(M) is a classical solution of the Euler-Lagrange equa- 
tion: 

(16) -AgMa + c(n)i?gMa + Q!||M„|l^";('M)Ua~^ = OU M . 

Proof. By homogeneity, it is equivalent to minimize la on the set 
A = {ueH^{M): [ \ufdvg = l}. 

However, A is not sequentially weakly closed in H^{M). Therefore, as usual, 
for fixed a and for all 1 < g < 2* we define: 



Aq = {u&H^{M): [ \u\''dvg = l} 
Jm 



IM 

and we consider the functional 

r I X /M{|Vs«P + c(n)i?X}«^«9 + «(/Ml«r'^^5)'^'^ 

^q\U) — 



{jMVA^dv, 



on Aq. By standard arguments inf^^ Iq is attained, i.e., for every 1 < g < 2* 
there exists Uq e Aq such that 

Iq{Uq) = inf Iq =: iq. 

The minimizer Uq satisfies the Euler-Lagrange equation: 

(17) -AgMg + c{n)RgUq + a||«g||^7(V)Wr^ = °^ ^■ 

The sequence Uq is bounded in _ff^(M); therefore passing to a subsequence we 
can assume that there exists Ua & H^{M) such that Uq —r Ua weakly in iJ^(M), 
strongly in L^{M) and a.e. Since for every fixed u we have Iq{u) Ia{u) as 
q ^ 2*, it is clear that 

limsup^g <£a< K'"^. 

g— >oo 

Consequently, for every < 2* — g ^ 1, we can apply the Moser iteration 

technique to (17) to derive a imiform bound supjj^ < C{a), where C{a) > 
is a constant independent of q (see, e.g., [6]). Then by dominated convergence. 
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Ua & A and by weak semicontinuity < liminf^, < The Ua is a 

desired minimizer. 

The proof of the existence of the minimizer shows that Ua is in L°°{M) for 
every fixed a. Then standard cUiptic theory impHcs that iia G C^''^{AI) for 
some < /? < 1. Therefore u^~^ G C°'^~^{M), and by Schauder estimates 

e C2''-i(M). □ 

Remark 1.1. Since < r — 1 < 1, the nonlinearity u^~^ is subhnear and 
therefore we can not use the maximum principle to conclude Ua > on M. 

Proposition 1.2 (Standard blowup). As a +oo, we have: 

(i) Ua — >■ 0, weakly in H^{M), strongly in L^[M) \/l < p <2* and a.e. 

(ii) / IVgUafdVg^K-^ 
Jm 

(iii) a\\ua\\lr^M)^^ 

(iv) £a ^ K-^ 

(v) maxUo; — > +00. 

M 

Proof. By compactness, for any e > there exists > such that: 

l|w||i2(M) <£ / |VgU|^(iWg + Ce||u||ir(M)- 
J M 

So, 



Jm 

>{l-ec{n)max\Rg\) / {VgUal"^ dvg + {a - Ce)\\ua\\l^ 
Jm 



Fixing a small e we obtain: 

\VgUa\'^dVg + {a- Ce)\\Ua\\'ir(^M) < Ia{Ua) < K~'^ . 



M 



Consequently, 



and therefore. 



VgUap dVg < C, Q:||Ua||ir(M) < C, 
M 



Jm 



dvn ^0 as a ^ +oo. 



Passing to a subsequence, wc have (i). Furthermore, we can assume that for 
some 6,ri & [0, +oo) there holds (along a subsequence): 

/ \VgUa\^dvg^6 and ci!||ua|||r(jvf) ^ ??, as a ^ +oo. 
Jm 
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Proof of (ii) (iii). Wc have to show that 6 = K and 77 = 0. By the Sobolev 
inequaUty as in [5], for every £ > there exists > Q such that: 



(18) ll"a|li2*(M) 

J M 

Letting a +00 in (18) we obtain: 

1= ( / u''; dvgf'^' <K^{l + e)6. 

J M 

Sending e ^ 0, we conclude 1 < K-^O. On the other hand, we have by definition 

of Ua- 



JM 



{|VgUap +c{n)Rgul}dVg + a||Ma||ir(M) = (-a < K ^. 

Sending a — > +00 we find 6 + 7] < K~^. It follows that 6 = K~'^ and = 0, as 
asserted. 

Proof of (iv). This is an immediate consequence of (i)-(ii)-(iii) and the definition 
of £a. 

Proof of (v). We have: 



1= / w?, < (maxua)^ / vLdVg = o{'^){^Bx.Uct)^ ^ 
Jm ^ Jm ^ 



□ 



Our next aim is to show that, after rescaling, the limit profile of Ua is the 
standard minimizer U, and that approaches this limit "in energy", as in 
Proposition 1.3. 

Let Xa & M he a maximum point of Ua, namely Ua{xa) = maxM'Ua, then by 
Proposition 1.2-(v) we have 

(19) Ma := MalaJa)"^/^""^^ as ^ +00. 

Let (5o > be a small constant to be fixed below (e.g., less than injectivity 
radius). Let 6q/2 < Sa < Sq. 

Proposition 1.3 (Convergence in energy). 

(20) lim / {\Vg{u^-e^ + -^f}dvg = 0. 
Proof. We consider the following rescaling of on the geodesic ball Bs^{xa)- 

(21) Va{y) = n'^^~^^^^Ua{exp^JlIay)), V & ^a, 

where 

(22) n„ = exp-J(B5„ (x,)) = fj,-^Bs^ (0). 
Va satisfies 

(23) - Ag^Vc,+c{n)Rg^Va+£aVa~^ =iavl'~^ in 0^, 
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where 

9a{y) = 5(exp^^(/z«2/)), \RgJ < Cul, 

and 

71-2 

^ 2 ^11 ||2 — V 

We observe that the rescaled metric ga converges to the Euchdean metric (Sij) 
on M" uniformly on compact subsets, and it is equivalent to (Sij), uniformly in 
a, i.e., there exists C > independent of a such that C~^Sij < ga^ijiv) < Cdij. 
We claim that 

(24) £a < Q!||wa||ir(M) ^ as a ^+00. 

Indeed, by the definition of and £„, 

a\\Ua\\lr(^M) 



(maXM^a)^' '^iM'^adVg 

and 

1 = / ui dv„ < (maxu„)^ / vLdv„. 
Property (24) now follows by Proposition 1.2-(iii). By a change of variables. 



dVg^ = / dVg 



and 

/ \^ gc^c^? dvg^ = I {\ygUa\^ + c{n)Rgul}dvg. 

Jila JBc 

Consequently, by the definition of Ua 

(25) limsup / dvg^ < 1 
and by Proposition 1.2-(i)-(ii), 

(26) limsup/ \y g^Vaf dvg^ < . 



a—*+oo JQ^ 



By the definition of fia, Va{y) < ^^a(0) = 1, thus, by standard elliptic estimates, 
there exists v G C'ioc(^") ^^^^ that, along a subsequence, f „ — > t; in CjQp(K"), 
and v{0) = 1. Furthermore, v satisfies: 

(27) 

/ \Vv\'^dy= lim / \Vv\'^ dy = lim lim / \Vg„Va\'^ dvg^ < K~^, 
and 

(28) / v'^" dy = lim / u^* dy = Um Um / dv„„ < 1. 
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In particular, v G Z)^'^(M"), and taking pointwise limits in (23) we find that v 
satisfies: 

- Av = R-^v^'-^ inM" 
< u < 1, v{0) = 1. 

Multiplying the above equation by v and integrating by parts, and recalling the 
definition of K we have: 

K-^ [ v^Uy= [ \Vv\Uy>K-^{ f v^' dyf^'. 

Therefore, (/jj„w^ dy^ > 1, which together with (27) and (28) implies 
/g„ v"^ dy = I and \Vv\-^ dy = K~'^ and thus necessarily v = U. Since the 
limit V is independent of subsequences, the convergence is for all a — > +oo with 
Xa P- At this point, it is intuitively clear that Proposition 1.2 (ii) should 
imply the "strong convergence" (20); however we face some minor technicality 
due to the fact that Va does not necessarily vanish on dSla- Using the elementary 
calculus inequality: 

I \a + bl" - \a\P - \b\P\ < C(p)(|a|f-i|6| + \a\\b\P-^), Va, b e W,p > 1 

with p — 2*, a = U, and b = Va — U , we have: 

/ \va - U\'^ dvg^ < vl^ dvg^ - U"^ dvg^ 

+ C{ [ C/2'->a - U\ dVg^ + I U\V„ - Uf-^ dVg^) 

<o{l) + C{[ U^'-^\Va-U\dVg^+ [ U\Va-Uf-Uvg^). 

The right hand side is easily seen to vanish as a — > +oo: 
U\vc,-Uf-^ dvg^ 



U\v„ - U? dvg^ + / U\vc - -1 dvg^ 



Br J^Ic\Br 
< [ U\Va-Uf~'^dVg^ 

Jbr 

+ U-'dVgS'''{( W-UfdVgS"" 

JQcXBr Jna\BR 

2'-l J„, I / tt2' 



< / U\va-U\' -'dvg^+C / dy. 

J Br JM.-"\Br 

By taking R large, the second integral can be made arbitrarily small; then, by 
CjQp-convergence, the first integral is small for large a. Hence, 



lim / C/|w„-?7p*-^dt;„ =0. 
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Similarly, one easily checks that 

lim / f/2*->„ - =0. 

The strong convergence of the gradients is straightforward: 

I / {vc, - U) ■ U dvg^ \< [ I - U) 1 1 Vg, U\ dv, 



< 



and therefore 

lim 



im / Vg„ {Va - U) ■ Vg„ U dvg^ = 0. 

Consequently, by (26) and since J^^ |Vg^C/p dvg^ K^'^, we conclude: 

-2 [ VgSVc.-U)-Vg^UdVg^<0{l), 

and (20) follows after a change of variables. □ 

Corollary 1.1 (One point concentration for Ua)- For any e > there ex- 
ist Se > and ae > such that 

I {\^gUo.? +uX)dVg<e 

for all a > «£. In particular, for any fixed p > 0, 

lim / U'^gUal^ + u'^^}dvg = 0. 

Proof. For any £ > 0, by (20) and a change of variable, there exists > and 
a'g such that for all a> a'^, 

[ \^gUafdVg> [ \WU\' 



- = K - -, 



and 



/ ul'dvg > I 



dVn> I U^' --=!--. 



Recall that /^^ iVgWapdwg K and jj^u^ dvg = 1, we can take some > 
a'g such that for all a> as, 

/ {I'^gUal'^ +U^}dVg <S. 

□ 
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Corollary 1.2. For any fixed p > 0, 

lim ||Wq||z,oo(m\b„(x„)) = 0. 
Proof. Equation (16) implies the differential inequality 

-AgUa + [c{n)Rg - iaU^~'^] Ua<0 On M. 

By Corollary 1.1 we have, for all x S M \ Bp{xa), that 

Ika = = \M^^\B,^2{x)) ^ ll««lli=*(M\B,/,(c.„)) = °(1)- % 

Moser iterations, we derive 

\\Ua\\L^{B^,i(x)) < C\\Ua\\L^Bp^2ix)) < C'll^a |Ui(M) , 

and the claim follows by Proposition 1.2-(i). □ 

2 Uniform estimate 

The CiQp(M"')-convergence of the rescaled minimizer to U readily provides a 
complete description of Ua in a ball of shrinking radius -B^^n^ {xa), for any p > 0. 
In particular, it implies the estimate: 

u^ix) = /z-("-2)/2^;„(^-i(exp,^ g)-\x)) < Va; e B,^M, 

and consequently 

(29) Ua{x) < C{p)n^^-^yMistg{x, x„)2-" Vx e Bp^^ (x^). 

Our aim in this section is to show that (29) holds uniformly on M. This type 
of estimate for minimizers has been obtained by Brezis and Peletier [13] and by 
Atkinson and Peletier [2] in the radially symmetric case on Euclidean balls, by 
Rey [34] and Han [25] on general domains in R", and by Hebey and Vaugon [26], 
Li and Zhu [28] and Aubin and Li [6] on Riemannian manifolds. Our approach, 
similar in spirit to [28], requires new ingredients. Throughout this section, we 
assume n > 3. 

Proposition 2.1. For every a sufficiently large, Ua satisfies 

(30) Ua{x) < Cii^^-^'>/^distg{x, Xa)^-" Vx g M. 

Here C > is a constant depending on (M, g) only. Consequently, we have the 
following uniform estimate for • 

(31) v.{y)<^-^^^, 

We shall prove Proposition 2.1 by showing that 

(32) Ua{x) < C(paix) Va; e M, 
for some (pa > satisfying: 

(33) 

C"VL""^^^^distg(a;,x„)2-" < <fc.{x) < Ci^l^-^'^/^distg{x,Xaf~'' Va; e M 
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for every a sufficiently large. In fact, our main effort will be to construct a 
suitable such (^a- We set 

Sa — 

We have to show Qa < C pointwise on M. By the conformal invariance, Ca 
satisfies 

(34) 

=4Cr"^ - <Pa~^*(-CaAgiySa + c{n)RgUo, + a||wa |li7(M)<"^) in M \ 

where ga is the metric conformal to g defined in terms of ipa by ga = Vct^"'~'^^g- 
Indeed, we have 

- Ag„ —+ c(n)i?g„ — =<fii-'^' {- AgU + c{n)Rgu), Vm e C'^{M\{xa}). 

Taking u = ipa, we obtain 

c{n)Rg„ = <fl,~^'{-Ag(fia + c{n)Rg(pa)- 
Taking u = Ua, we find 

-As^Ca = -^'-^'Agu^ - c{n){Rg^ - ^-^'^^-^^Rg)Q^. 
It follows that 

which implies (34). 

By the uniform estimate (33), the metrics ga satisfy a Sobolev inequality 
with a constant independent of a: 

Lemma 2.1. There exists a constant C > independent of a such that for all 
u e H^{M), u = in a neighborhood of x^: 

(35) (! \ufdvg\' <C [ IVg^updWg^. 

Proof. It is well-known (see, e.g., Appendix A in [28]) that there exists a con- 
stant C = C{M, g) such that for all xq G M, u G H^{M), u = in a neighbor- 
hood of xo, there holds: 

dVa 



/m distg(a;,a;o)2"-4 
Now it suffices to observe that by conformality of "ga we have: 

dvg^=^'^dvg and \^aM^ = ^a^'^^^'^A^ au\\ 
and to recall (33). □ 
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At this point it is clear from (34) that if we can find a function tpa > satisfying 
(33) and such that: 

(37) - — Agipc + c{n)RgUc, + a||ua||^7(V.<-i > in M \ {a;„}, 

then the corresponding wih satisfy: 

(38) -Ag^Ca <CC«*"' inM\{a;„} 

(recall Corollary 1.1 in Section 1). For any p > 0, let 

[2 - 2-(^-i)]Ma 
Ri I — , % — 1, 2, 3, . . . 

p 

By (33) we may choose cutoff functions rj^ (depending on a) satisfying: 

T]i = l in M \ Br,^, 
ri,=0 in M \ Br, 
\Vg„m\<C{p)2\ |V|^r;,|<C(p)4\ 

Then we shall have all necessary ingredients to apply the Moser iteration tech- 
nique to (38) and to derive: 

Lemma 2.2. The following pointwise upper bound holds: 

(39) Ca<C inM\B^^/So{xa)- 

Proof. By applying Moser iterations to (38), see [28] for the detailed proof. □ 

Estimates (29) and (39) will then imply (32) and thus Proposition 2.1 will be 
established. 

We note that (37) is trivially satisfied if Ua = 0. In (M \ {xa}) n {ua > 0}, 
(37) is equivalent to: 



(40) -Agipa + 



c{n)Rg + a 



\Ua\\L'-(M) ~ ^ 



iPoc > 0, 



and the operator on the left hand side above is linear in ipa- Furthermore, 
the blowup rate as in (33) is satisfied if [i'a~^^^'^'4>a has the blowup rate of the 
Green's function with pole at x^- In fact, we shall obtain a ip^ of the form 
'^a = McT ^■'^^Cq,, with Ga the Green's function for the operator —Ag + Vq, 
with pole at x„, and where 14 is a truncation of the "potential" c{n)Rg + 
'^{\Wa\\L''(M)/uaf~^ appearing in (40). The detailed proof follows. 
We define a function in the following way: 



V„ :-- 




if 7^ 
if Ua = 0. 
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Note that Va is Lipschitz on M (with Lipschitz constant depending on a) and 
it is uniformly bounded: 

(41) -c{n)\\Rg\\oo<Vc,<l. 

We shall prove (32) with ipa = /iL"~^^^^Ga and Ga defined in the following 

Proposition 2.2. The operators — Ag + Va are coercive on H^{M) for suffi- 
ciently large a, with coercivity constant uniform in a. Consequently, for every a 
sufficiently large there exists a unique (distributional) solution Ga to the equa- 
tion: 

(42) -AgGa +VaGa= S^^ , OH M. 

Furthermore, the first nonzero eigenvalue of — Ag + Va is bounded away from 
zero and therefore Ga satisfies, for some constant C > independent of a, 

(i) GaeCl^{M\{xa}); 

(ii) C-Mistg(a;,a;a)2-" < Ga{x) < Cdisig{x,Xaf~'' V a; e M; 
(Hi) UaAgGa < [c{n)RgUa + a\\ua\\f~^u'^^]Ga in M\ {Xa}- 

In order to prove Proposition 2.2 we need the following 
Lemma 2.3. The functions Va satisfy: 

lim yo\g{Va < ^} = 0. 

Proof. Note that for every measurable set E such that E C M Ci {ua > 0} we 
have the lower bound: 

\\Ua\\Lr(E)\\u-'\\L^iE)>iyolgEf/^. 

Indeed, using the Holder inequality we find: 

VOlg^ = [ dVg= [ U^'J^U-"'^ dVg < 

Je Je 

It follows that 

(43) \\{\\Ua\\L-{M)Ua^f-''\\Lr/(2-r)(^E) =ll^*a|li7(M) ll^^a^^"''^ lU-ZC^-jCB) 

^ll"'a|lL'-(E)ll"'a \\l^(E) — \^\ 

Let Ea := {Va < 1/2}. Then Ea C M n{ua> 0} and therefore, by (43), 

{volgEa)^'-^^'/^ < ||(||«a|U^(M)«-^)'-nL./(-.)(i,„). 

On the other hand, since 

0!{\\Ua\\L'-iM)Ua^ f~'' < ^ + c('^)l^gl> On Ea, 
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^a||/r-(^)||Wa \\l''{E)- 



we have 



,1 



a||(llu.|U.(M)U-i)2-''L./(.-.,(£;„) < (- +c(n)||i?,|U^(M))(vol,M)(2-)/'-, 
and consequently, 

a(volgi;„)(2-'-)/- < (7, 

for some C > independent of a. Now Lemma 2.3 follows immediately. □ 

Proof of Proposition 2.2. Proof of the coercivity. For 7 = 1/2 and u e H^{M), 
by the Sobolev inequality and a straightforward computation we have: 

{\VgU\^ + VaU^}dVg= f {\VgUf+JU^ + iV^-^)u^}dVg 

M JM 

>[ {\Vguf+^u^-{Va-7)-u^}dvg 

JM 

> ( {\VgU\'' + ^V^}dVg-\\{Vo.-^)-\\i^./.^M)Ml2^(M) 

Jm 

>[ {\VgU\^ +JU^}dVg-CyO\g{Vc,< 1/2} [ {\VgU\''+u''}dVg, 

JM JM 

where — 7)- > denotes the negative part of — 7- The coercivity and 
its uniformity in a. follow from the above and Lemma 2.3. 

Proof of (i) and (ii). Because of the coercivity of — Ag + V^, the Lipschitz 
regularity and the uniform bound of V^c, it follows from standard elliptic 
theories (see e.g., [23], [38] and [20]) that Ga is uniquely defined by (42) and it 

satisfies (i) and (ii). 

Proof of (iii). Since G C'^^J^M \ {xa\) we only need to check the inequality 
pointwise. If w„ = it is trivial. So assume Ua > 0. By (42) we have 

—AgGa + VaGa = pointwisc in M \ {a;^}. 

Since Ga > 0, using the definition of V^, we have 

pointwise in {M \ {xq,}) n {u^ > 0}. Multiplying the inequality above by 
we again obtain (iii). Proposition 2.2 is established. □ 

Proof of Propo sit/ion 2.1. The estimate for Ua follows by (29) and Lemma 2.2. 
Since Va is uniformly bounded in \y\ < 1, (31) follows from the estimate of Ua 
by a change of variables. □ 



3 Energy estimate 

We shall need estimates for the convergence rates of the limits "in energy" 
obtained in Section 1. The pointwise estimates obtained in Section 2 allow us 
to adapt the energy estimates of Bahri-Coron [7] . 
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In order to simplify calculations, wc introduce a conformal metric g = 
^i/(n-2)g^ with il) G C°°(M), V'(xa) = 1, 5 < V' < 2, IIV'llc^ < C, such that 

= in Bsg{P), and where is a suitably chosen small constant and both 60 
and C depend only on (M, g). Such a metric may be obtained by locally solving 

-Agip + c{n)Rgip = in Bs^ 

and then extending ^ smoothly to M. We denote, for do/2 < da < So, 

For X G Ba and A > 0, we consider 

^^■^^"^ = ( l + (AA)4ti(.,x)^ ) " 
It follows from Proposition 1.3 that 

(44) lim / {|Vg(5-Cf + r}d«g = 0. 

Wc follow the idea in [7] of selecting for every a an optimal multiple of a 
^-bubble, denoted t^^a = ^a^l ;^ > and of estimating the difference Ua/4'~taCa 
by exploiting orthogonality. For future convenience, we prove our estimates for 



n 



> 3. For X e B^^g^^^i^ce) and A > 0, let hx,x be defined by: 



(45) 

and let Xa be defined by 
(46) 



Agft.£,A = in B„ 

fAgXa=0 inB„ 



Then Ma/')/' — Xa G Hl{Ba), \ — hx,\ S HQ{Ba) are the projections of and 
^1 respectively, on Hl{Ba)- We set 

Then ctj^a < C| a satisfies: 

[AgCTi.A = Ag^l^ in-Ba 
1 0-x.A =0 on 



Let {ta,Xa,Xa) € [5, |] X -Bj^^^^/s (^^a) X [2^,5^] be such that 



I Ma 



V KA-l|<l/2 
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To simplify notation, henceforth we denote: 
and we set: 



^Ol — ^Xa,y^a1 — \ 1 hex — ^ScjAo 



_ _ _ 

The main result in this section is the following estimate for w„: 
Proposition 3.1 (Energy estimate). For n > 3, we have: 

Recall from Section 1 that Sa = Ha ''a||u,a||^,(''^,^^ = o„(l). We define 



(/,u;)g=0 V/ei? 

where E C H.\(Ba) is the tangent space at dxa.Xa of the finite dimensional 
surface {ax,\ ■ x € i3^^5^(xa),A > 0} C HQ{Ba), with respect to the metric 
induced by the inner product {u, v)g = J^^ ^gU ■ Vgw dvg. We work with coor- 
dinates given by the exponential map expj^(?/), y = (j/*), i = 1, . . . , n, we can 
write 

where 

da a _ ^<^exp^^(i/),Ac. I dag _ daxcX i 

Qyi - Qyi lj/=0' QX ~ dX '^ = ^o' 

Lemma 3.1. For some constant C independent of a, 



L 



\'^aha?dv^g<Ciil-\ 



I Bo, 

Proof. By standard elliptic estimates and properties of , we have that 

/ |Vg/l„|2 dVg<c( [ IVj^aP dSg + [ ds^] < CmS"'- 

J Be \JdBa, JOB a. J 

□ 

We observe that by the uniform estimate (30) and by the maximum principle, 

(47) l|/la|Uoo(B<,) + ||Xa||Loo(B„) < C^'^^-^^'^. 

It follows that \aa\ < C^a on Ba- Using Proposition 1.3, it is not difficult to 
see that: 

Lemma 3.2. As a +oo, we have \\wa\\ — >■ 0, — »■ 1, /i~^dist§(a;a, i^) — »■ 0, 
jj-aXa 1- Furthermore, Wa G Wa- 
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Proof. By definition of ta and a a, 

Pa<7a II <||^ -Xa -iaO-all + II ^ " Xa - || 

^2|l^-x«-wH2||^-Cf^_^^_.||. 

In the last step we have used Ag(2^ - = Ag(^ - Xa - ^xa„n^^) ^« 
and Xq-o-^._^ ^-i = Q on dBa- Hence, in view of (44) , \\ta(Ja—(J^^ tiZ^W ^ ^ 
and ||wa|| -> 0. By the arguments in Lemma 3.1, we have ||/Ix,a|| < CA~^"~^^/^ 
if distg(5,Xa) < Consequently, we derive 

as a — > +00. It follows that ta 1, /U^^dist§(xa,a;a) — *■ 0, and /ZqAq — > 
1. Therefore the minimum of the norm is attained in the interior of [i, |] x 
^HaSa/^i^a) ^ [2^' 2^]" ^ straightforward variational argument yields 

In order to estimate Wa, we begin by writing an equation for Wa- 
Lemma 3.3. w„ satisfies: 

(48) -A-gWcc-K\Qaf-^@ccWa + b'\@af-Wa + b"\waf-^ = U in B^, 
where 

©a = t(x(Jot ~\~ Xct 

U = ^aitaUf-^ + taAgCa - a||«a|li7(V)^'"'*<"' + ^(/xi"-'^/'^'*-'), 

anrf where b', b" are bounded functions with b' = ifn>6. 

Proof. Prom (16), using the conformal invariance (8) and recalling that = 
in Ba, we have that Ua/tlJ satisfies: 



-A,^ + a||n„f-M)V'^-^*<-^ = ^4jf" in Ba. 
Consequently, Wa satisfies: 
(49) 

In order to simplify the right hand side in (49), we use the elementary expansion: 

{x + yf-^ = \xf-^x + (2* - l)\xf-^xy 

+ b'{x,y)\xf-^y'+b"{x,y)\yf-\ 

for all e R such that x + y > 0, where b',b" are bounded functions and 
6' = if n > 6. For x = Qa and y = Wa, we obtain: 

(e„ + waf-^ = iQaf-^Qa + (2* - i)|e„p*~3e„w„ 

+b'\ear-'wi+b"\war-'. 
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Note that 9q = ta£,a — taha + Xa- By (47) and properties of ^a, we have 
IXct — taha\ < C^i""^-*^^ < Ctaia, and thus by simple calculus: 

Inserting the above expansions into (49), we obtain (48). □ 

The proof of Proposition 3.1 relics on the cocrcivity property as in Lemma 3.4 
below. Recall that (5o > was introduced in Section 1 as an upper bound for 
the radii 5a of the balls Ba = Bg^ (xa)- Here is where we fix ^o- We denote by 
Qa the continuous bilinear form defined for ip,tjj G Hl{Ba) by: 

where ka and Gq, are defined in Lemma 3.3. 

Lemma 3.4. There exist < (5o 1, ao ^ 1 o-nd cq > independent of 

a > ao such that 

Qa{w,w)>co iS/gwl"^ dvg, Vw e Wa, Va > ao- 

Lemma 3.4 is a consequence of the following general perturbation result: 

Lemma 3.5. Let O C M", let h be a metric on fl, k > and Q & L? {Q). 
Denote by Q the continuous bilinear form defined on Hq (O) x Hq (f2) by 

Qiip,tp)= [ {Vh^-Vh^-k\ef-^eiptij}dvh. 

Jq 

There exist eo > and c\ > 0, depending only on n, such that if 

II© - ;:^llL^*(n) + (2* - l)K-^\ + \\h - f |U=o(n) < £o, 
where £ denotes the Euclidean metric, then 

Q{^, ^)>"il IV.^I^ dv„ 1^^^ ^^^^1 /Joll^lU,^ < * < n + 1, 

where bq = U, ei = dUy,i/dy'\^^^, i=l,... ,n, e„+i = dUo,x/dX\^^^. 

Proof. We denote by Q the continuous bilinear form on Z)^'^(M") defined by 

Q{^Jj)= f {Vip.Vii-^^U''-^^pi^}dy. 

It is well-known (and it may be verified by pull-back to the standard n-sphere, 
in stereographic projection coordinates) that there exists ci > such that 



(50) Q{^,^)>cJ m^y, V^eZ?^-^(R"): 



ei)f =0, < i < n + 1. 



Now the claim follows by elementary considerations. Indeed, there exist unique 

/x^, l/i^l = O(eo||</'IU), such that ip := ip — fi^Cj satisfies ^,ei)s = 0, V < i < 
n + 1. (50) holds for ^, and the claim follows easily. □ 



22 



We introduce some notations: We set 

f2„=Ma'(exp|j-i(B„)cK". 

We denote by T^^ the transformation which maps / : -B^ ^ M into T^^f : 
f^Q, — > M defined by 

{T^J){y) = Mi"-'^/V(expljM«2/)) Vy e 

Wc denote by the metric on fl^ defined by Qaiu) = 5(exp|^ (/Uo,y)). The 
following transformation properties hold: 

(51) / V^ip-V^'4)dvg= Vg„T^„(p-Vg^T^^^ljdVg^ yip,^lj eH^{Bc). 
Ifpi + ---+Pfe = 2*, then 



(52) 



Jbc Jna, 

V(^i, . . . ,ipk e HliBa). 



Proof of Lemma 3.4- Observe that by the transformation properties (51)-(52) 
we have 

0„(</.,^)= / {|V3„r^„</.|2-A:„|r^„e|2*-%^e(T^„(^)2}(iz;g„. 

By taking So small, we achieve \ga — £\ < £o- By taking ^ 1, we achieve 
\\Tfj.^Qa - t^ll_L2*(n ) < £o and \ka - (2* - 1)K~'^\ < Eq. It remains to check 
that by taking a possibly smaller So and a possibly larger ao, we have for all 

\{T^^^,e^)£\<eo\\T^M\9o.- 
We check the above for i = 0. Since G Wa, 

0= '^g'P ■ ^gCF<x dvg = / Vgtp • Vg^a dvg 



In 

Therefore: 



I / VT^„<fi-VUdy\ 

<|^ VT^^^-V{U-T,J,,)dy\ + \J^^ {S^^ -g]i^d^^)^^^dy\ 



The remaining conditions are verified similarly. Taking into account (51), we 
conclude by Lemma 3.5 that for all ip £ Wa, 

Qa{^,V)>^j^ \^9cT^^M^dVg^=^ \V-gVfdVg, 

as asserted. □ 
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Now the 

Proof of Proposition 3.1. Multiplying (48) by Wa and integrating over we 
obtain: 

Qa{Wcx,Wcx) + Ooi{\\Woi\?) = I faWadv^. 

By Lemma 3.4, in view of the form of and recalling the orthogonality property 
WaA-fj^a dv-fj = 0, we derive from the above: 

\\w„\\<C{Ua-' + K^AgU\2" 

satisfies 

(53) -Ag^„ = /^-2C"'+0(ea). 

It follows that 

lier-^ + i^'AgCclb- <C||C„||2- <Cm^||(7||2.,^^-., 

where we have used XaMa < C* in the last inequality. In order to estimate the 
second term, we note that the uniform estimate (30) implies: u„ < in B^. 
Consequently, 



Similarly, we compute: 

The asserted decay estimate for follows. 

In order to estimate l^a^a ~^ — taK~'^\, in view of (53), we write fa in the 
form: 

f. ={eX-' - t^K-^)C'-' - a\\uX-rlM)^'-''<-' 

+o(^„)+o(M("-^)/2e-')- 

Multiplying (48) by aa, integrating over B^ and taking into account that 
Goi^gWa dv^ = 0, we have: 

-ka IQaf ~^'daWaa a dVg + / b' \Qf ~^ wlaa dVg 

Jbc JBc 

+ j b"\Wa\^ ~^aadttg 
= {£X'~^-taK-^) [ ea~^(^adVg-a\\Ua\\l~lj^^ f i^^-^'u^-^Ua dVg 



+ 0{[ Ca^a dVg) + 0(Mi"-')/') / ef-'f^a 

Jb„ J b„ 



dVg 
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and thus, using \wa\ + \Qa\ + Wa\ + Ua < C^a, we derive: 

<C{[ e:-'\Wa\dVg+ f ildVg 

In order to compare with the decay rate of \\wa.\\, it is convenient to estimate 
as follows: 

/ e^-^\w^\dVg<C\\wc,\\; 
[ C.dvg< C\\C-%"UAW < C/xr'^lt/'-ia-,^-; 

J Ba 

On the other hand, 

\£ata'' -taK-^\ [ ed~^<y<.dVg 
J Be 

>\iX-' - t„K-'\{ [ e: dvg + o(Mr')) 

The estimate for l^a^a ~^ — iaK~'^\ is established. □ 

4 Lower bound for Yg and proof of Theorem 0.1 

for n > 7 

In this section we shall carefully exploit orthogonality in order to derive a lower 
bound for Yg{ua), as in Proposition 4.1 below. Together with the estimates 
from the previous sections, it will readily imply the proof of Theorem 0.1 in 
the case n > 7. We shall need an L^-estimate of \VgUa\ on dBa. This can be 
achieved by selecting a suitable "good radius" Sa G [So/2,6o], see Lemma 4.1 
below. Here is where we fix da- Unless otherwise stated, we assume n > 3. 

The main step towards obtaining a contradiction is the following lower bound 
for Yg{ua): 

Proposition 4.1 (Lower bound for Yg). Let da be a "good radius". Then, 
for all a sufficiently large, 

F,K)>ys(C,,j+o(Maiit^ii2.',M-ii«^«ii+/"r')- 
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Proposition 4.1 readily implies: 
Corollary 4.1. The following estimates hold: 

(i) a||«„||i.(^) <C(M^ni2.',^- + Mr') + \K-' - I^sCJI 

+ I^-'->s(C,aJI- 

Proof. By the initial assumption on I^., we have: 

iiT"^ > Ia{Ua) = YgiUa) + Q:||Wa ||ir(M) • 

Therefore, the lower bound as in Proposition 4.1 implies: 
which in turn yields: 

«lka||i.(M) < |i1?(C,Aj-^-'l+C(Mini2*',p-ll«^"ll+Mr'). 

Using 1 1 Wall < C, we obtain (i). Using the energy estimate as in Proposition 
3.1, we obtain (ii). □ 

The proof of Proposition 4.1 relies on some boundary estimates and on conse- 
quences of orthogonality, which we proceed to derive. 

Lemma 4.1 (Choice of "good radius"). There exists C > independent of 
a such that: 



I 

J A 



Consequently, for every a we can select 5a G [5o/2,<5o] such that on = 
Bs^{xa) we have: 



(54) / \VgUa\^dSg<Cnl-^. 

JdBa 

Furthermore, for such a 6a we have: 

(55) / |V5Xa|'rf^^<CMr'. 

J Bo, 

Proof. Denote by ry a smooth cutoff function to be fixed below, satisfying < 
T] <1. Multiplying (16) by rj'^Ua and integrating by parts on M we have: 



/ 

Jm 



y gUa g{ri^Ua)dVg < -c{n) I RgTJ^UadVg + £a / V^Ua dVg. 

Jm Jm 



IM JM JM 

It follows that: 

/ ri'\VgUa\^dvg<C{ ( ul{\Wgr)\^ +ri^)dvg+ [ ifu'^a dVg). 
Jm Jm Jm 
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Choosing t] such that 77 = 1 in M\BsQ{xa), suppTj C M\Bs^^2{xa), we obtain: 

/ |VgUaP(iWg < C( / uldVg+ dV g) . 

Now the statement follows by the uniform estimate as in Proposition 2.1. 
Since Ua € C^(M), we can choose 6a such that: 

/ \VgUc\'^dVg= min / \VgUa\'^ dsg < C^i"^-^. 

Recalling the definition of Xa 1 we have by standard elliptic estimates and equiv- 
alence of g and g: 

[ \VgXa?dVg<C I {\VgUa\''+ul}dSg<Cnl-\ 

JdB„ JdBc, 

□ 

Proof of Proposition 4-1- By the uniform estimate (30) and by Lemma 4.1, we 
have 



(56) Ygiua) = A"' : ; " + 0{^c-') 



gUg? + c{n)R gUl} dVg ^ ^^^ „_2^ 

{i'B^'^a dvgY 

By conformal invariance (8), together with (54) and (30), 

{\VgUa?+c{n)Rgul}dVg = \V ^^\'^ dv^g + O {^^-^ 

Recall from Section 3 that Ua/i^ = taS,a —taha + Xa + Wa- By Lemma 3.1, (47), 
(55), and the fact 

/ Vg/ia • Vgwa dvg=0= / VgXa • Vgwa dvg, 

J Be, J Be 

we have 

(57) Yg{ua) = F{wo:) + 0{iil-^), 
where 

F{w) := - — 2 w&Hq [Ba). 

A Taylor expansion yields: 

(58) F{wa) = F{0) + F\0)w^ + ^{F" iO)wa,Wa) + o(||u;„f ), 

where F', F" denote Frechet derivatives. We compute: 
2 



F'{Q)wa = 



iJsJUadVgr)'/'' 

Jb„ l^gtaial"^ dVg 



f Jb l^giaial dVg f . 

X{/ '^g{ta^a)-'^gWadVg .° ^ , / (ta^a) WadVg}. 

J Be JB„l'^aSa; "Wg J b„ 
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By orthogonality, Vg^a • VgWa dv^ = and by (53) 

/ ?a "^^a dv^ = / (-Ag$„ + 0{^a))Wa dVg = 0{ ^aWa dVg) 

JBc JBc, Je 



g) 

Be, 



Hence, 



IB a. 

and consequently 

\F'{Q)wo,\<Cnl\\U\\^„^^-4wo,\\. 

Similarly, we compute: 

2 



(F"(0)«;„,w„) 



X 



+ 0(/' 

By the transformations (51)-(52) and by Lemma 3.5 with 

we obtain, for large a, that 
Consequently, 



(F"(0)«;„,«;«) > ^\\waf + OU)\\U\\l,^^-4w„f. 

Inserting into (58) and observing that Ma||t^||2*/ ^-i = °a(l), we derive: 

(59) F(«;„)>F(0) + O(M^||f/||2.,,^-i|ka||+Mr')- 

Returning to (56) and taking into account that 

^(0)-ig(C,Aj + O(Mr'), 

we obtain the asserted lower bound. 

Proof of Theorem 0.1 for n>7. By straightforward computations, 

fC, if g > (n + 2)/[2(n + 2)] 

Il«^'ll2-,^- < \ (logMa')'/'" ifg=(n + 2)/[2(n + 2)] . 

i/xa'^^'^"""^ if g< (n + 2)/[2(n + 2)] 
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We take r = r = 2n/ (n + 2). Then, since n > 7, we have: 

I|f^ll2.',^- < C 

\\u'-X„,,-^<c{i + f^-'+'') 

where /3 = (n — 6)(n — 2)/[2(n + 2)] is strictly positive. Hence, (ii) in CoroUary 
4.1 yields: 

(60) a||wa||i.(M) < \Y^{^a,Bc,)-K-^\+C[nt+e^{fil+ti^J]. 
By (6), 

l^s(C,Aj-^-'l<CMt- 
In view of (24), we derive: 

(61) a||zi„||i.(M) <CMt 
On the other hand, rescahng, we have: 

(62) Ml.^m) > MmB^) > c-VonU-(B,(o)) > c-Vo 

and inserting into (61) we obtain a < C, a contradiction. Hence, Theorem 0.1 
is established for all n > 7. □ 

5 Proof of Theorem 0.1 for n = 6 

In order to prove Theorem 0.1 in the remaining case n = 6 we need a uniform 
lower bound for Ua- Indeed we shall prove: 

Proposition 5.1 (Uniform lower bound). For n = 6, r ~ f = 3/2, and 
any 1/2 < 7 < 1, there exists some constant C > 0, which is independent of a, 
such that Ua satisfies: 

Ua{x) > C"Vadistg(a;,ia)~'' Va; G B^^^j (xa) \ (x^), 

for all 1. 

Proof. We equivalently show that 

Va{y) > C-'\y\-\ \fy e B,^^.^-i{0)\Bi. 

Here Va is defined on fla as in (21) and (22). Recall the So/2 < Sa < Sq. 
< (5o < 1 will be small and fixed below. We define a comparison function 

Ha{y) = ^ - Mt) + iM^(log ^f' log (^)' 2/ e f2„ \ B, 

where t > 0, L > will be chosen below. 

Since Va U uniformly on dBi, we first fix some Q < t = t{5q) < 1 such 
that Va > Ha on dBi for large a. Since Ha = on 5^2^, we also have u„ > Ha 
on dQa- We know that 

Cr'(5o"Va < 12/1"' < 1> onO„\Bi. 
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Here and in the following, Ci > 1 denotes some constant depending only on 
{M,g). Setting ga{y) = g(exp9^ (^^y)) we have, 

\A,Jyn<C^^,l\y\-'' 
|A,„ log|2/|-4M-2|<CiM^. 

Hence, 

AgMy) > ^Lf^lilog^m-' - C^„l\y\-' - CiiMt(log-^)'/^ 

Ma Ma 

Recall from Section 1 that 

l|2— r ^ M ||2 
Ec = Q!Ma ll«a||i^r(M) < "l^a ||Lr-(M) ■ 

By (i) in Corollary 4.1, 

Here and in the following, C2 > 1 denotes some constant independent of a and 
L. By the expansion (6), 

(63) \Y^M^,J-K-'\<C,i,t\og^, 
and, clearly, 

||C/||,.,,-<C2(log-l)2/^ 

Ma 



It follows that ^ 

"I|w«IIl'(M) < C'2Ma(log f^^- 

Together with the uniform estimate from Section 2: Va{y) < C2|?/|~^, we obtain 

Hence, by the equation of Va, we have, on Cla\Bi, that 
- Ag^ {Va - Ha){y) 
>(4L - C,),.^(log -myr - C2f^l\y\-' - C,L^^t{log ^f/' 

>(4L -C2- Ci5o'i)M^(log —my\-'. 

Ma 

We first fix > small (CiJo < 1), and then take L large, we achieve, for large 
a, that 

-Ag^ {va - Hoc) > \nnoc\Bi. 
By the maximum principle, 

Vet > Hoc in ^a \ -Bi • 

To conclude, we observe that for any fixed 1/2 < 7 < 1 we can find a C > 
such that: 

Ho.{y)>C-^\y\-^ mB,i-.\B,. 



□ 
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Proof of Theorem 0.1 for n = 6. When n = 6 and r = r = 3/2, we have: 

||C/||2,,^-i <C(log— 

Ma 

r'^"'ll2.',^-<CMa' 

Ma 



We know 



Ma 



Hence, (ii) in Corollary 4.1 implies: 

(64) a||^.„||i.(M) <C^(M^(log;^)'^'+£«(log;^)'^'+M^(log;^) 

V Ma Ma Ma 

Prom the uniform estimate (30) we derive: 



Ma 



and by Proposition 5.1 we have 



||l^a|k^(B„)>C-V^(l0g— 

Ma 

Inserting into (64), we obtain 

aM^( log -f' < cUi{\og -Y" + a^i log -) . 

Ma ^ Ma Ma ^ 

Once again we obtain a < C, a contradiction. Theorem 0.1 is thus established 
in the remaining limit case n = 6. □ 

6 Appendix: A local to global argument 

In this Appendix we provide a proof of the local to global argument used in 
Theorem 0.2. We adapt some ideas from [6]. Let {M,g) be a smooth compact 
Riemannian manifold without boundary, n > 3. 

Lemma 6.1. Suppose that there exist e>0 and > such that 

J M 

for all u G H^{M) such that diamg(supp)u < e. Then there exists a constant 
A > such that 

(66) 

\Mh'iM,g)<K' [ {\^gu\' + c{n)R,u'}dv,+A\\u\\l,^^^^^, yuGH\M). 
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Proof. By contradiction. Suppose (66) is not true. Then by density of smooth 
functions in H^{M), for all a > there exists G (1,2) such that 

„ . , lM{\'^9u\''+c{n)RgU^}dVg + a\\u\\l^^^j^^ 

(67) ta ■= mi n— FT9 < ^ ■ 

ueH^(M)\{0} ll"lli2.(M) 

By the results in Section 1 with r = ra, there exists Uq, G H^{M), Uq, > 
0, Ji^v?^ dvg = 1 such that £„. = Ia{ua)- Moreover, Ua satisfies the Euler- 
Lagrange equation: 

(68) -AgMa + c{n)RgUa + a||wa|li7l'(M)'-*a°"^ = ^»u\ ~^ on M. 

Denote by a maximum point of u^. By Corollary 1.1, concentrates in 
energy at Xa- In particular, for any fixed e > 0, 



m / {|VgUa|^ + uf}dt;g = 0. 



lim 

For a fixed < e < e/9, denote by ry a smooth cutoff function such that r}= 1 
in B2e{,Xa): 7? = in Af \ B^^^lxa), < < 1, |Vg?7| < e"^ in M. Then, by (65) 
and the Holder inequality, 

\\'nU<x\\\^'(M,g) ^ K^J^{\'^g{VUa)f+c{n)Rg{r]Uaf}dVg 

+A,{Y0\gMf-^^^''\\riu^\[U^^^, 

and consequently, 

h»\\l2'rB^,^^)<K'^ / {\VgUa,f+c{n)Rgul}dVg + C\\Ua,\\lro.(^M) 
J M 

+ C [ {\VgUc,\^+ul}dVg. 

J B4eiXoc)\B2e(Xoc) 

In turn, using the contradiction assumption (67), we have 

\\Ua\\L^''{B2eixo,)) <K'^^c - {aK"^ - C)IIWallirc(M) 

+ C [ {\\/gU^\^+ul}dVg. 

J Bie{Xac)\B.2e{Xo.) 

Using the expansion 

and recalling that < 1, we obtain 

a|ka|li-<.(M) < C'l|Wa|li2.(M\S,,(x,)) +C / {\V gUc\^ + ul) dVg. 

J Bi,{Xc)\B2e{Xc,) 

Now let 77 be a cutoff function supported in M \ Bs{xa)- Multiplying (68) by 
ifua. and integrating by parts, we find 



/ rf\VgUa.\^ dVg <C I {u^+u^)dvg. 

J M J supp77 
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Therefore, 
(69) 

Finally, by Moser iterations, 

(70) ||«a|U~(M\B,) < C\\u^\\lHM) < C(volgM)l-l/'^"||w„|U.„(M), 

see Corollary 1.2. The estimates (69)-(70) imply a < C, a, contradiction, and 
(66) is established. □ 
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